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Abstract
An effective potential is created for the dynamics of a test particle, which preserves dilatation
symmetry for nonlinear static dilaton-Maxwell background. It is found that the central
interaction in this theory is singularity-free everywhere; it vanishes at short distances and
demonstrates Coulomb behavior far from the source. It is shown that static and spherically
symmetric source behaves like a soliton: it has the finite energy characteristics that are
inversely proportional to the dilaton-Maxwell coupling constant.
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Introduction
Nonlinear generalizations of Maxwell’s electrodynamics are predicted by multidimensional
Kaluza-Klein theories, and various supergravity and superstring theoretical schemes [1]–[3].
They can also be obtained using the most general algebraic approach, based on arguments
about the hidden symmetries of the considered theory [4]–[6]. Main problems of standard
linear electrodynamics, which can probably be resolved on non-linear way are related with
different singularities predicted by the theory. For example, it is well known fact that the
Coulomb interaction between two point charges diverges at small distances, as well as the
energy of a single point charge. In this work we continue the study of dilaton-Maxwell
electrodynamics (DME) – the nonlinear theory, which occurs in various realizations of the
Grand Unification Theory. We show that the theory, which possesses dilatation symmetry,
is free of singularities mentioned above: effective interaction, as well as the energy of point
sources prove to be the finite ones in non-linear variant of DME.
In [7] we studied the system with the dilatation symmetry that is realized on the dilaton-
Maxwell background only: this symmetry was not supported by the dynamics of test charging
particles. In this paper, we ‘extend’ dilatation symmetry approach to the total scheme under
1
consideration. We use the duality between the static dilaton-Maxwell background and sta-
tionary General Relativity, which was found in [7], to work with essentially nonlinear DME
system. Namely, we perform the so-called ‘charging Ehlers transformation’ (see [8]–[13]) to
create the most general spherically symmetric dilaton-Maxwell background, which describes
the fundamental electrical/magnetic sources in DME. We present the explicit form of the
potential describing the interaction that is invariant under the action of dilatation symme-
try and examine its properties. This interaction, as expected, demonstrates the Coulomb
behavior far from the source, and it wonderfully has not any singularity at short distances.
1 Dilatation symmetry in 4D dynamics
Following [7], let us consider the dilaton-Maxwell electrodynamics with negative kinetic term
for dilaton field:
L4 = −1
4
e−2αφFµνF
µν − 2∂µφ ∂µφ. (1)
Here Fµν = ∂µAν − ∂νAµ is the conventional Maxwell’s tensor, whereas φ = φ
(
xλ
)
and
Aµ = Aµ
(
xλ
)
are the dilaton and electromagnetic fields, respectively. Then, space-time is
understood as four-dimensional (µ, ν, λ = 0, . . . , 3) and flat (Minkowsky metrics is taken in
the form ηµν = diag (+1, −1, −1, −1)). Dilaton-Maxwell coupling constant α is considered
as an arbitrary real parameter, it can be taken as nonnegative without loss of generality.
Moreover, here we are interested in nonlinear dynamics, which corresponds to a non-zero
value of this coupling. Thus, α > 0 in this work.
The Lagrangian (1) has a dilatation symmetry
φ→ φ+ Λ, Aµ → eαΛAµ, (2)
where Λ = const. Let us consider the dynamics of test particles in this dilaton-Maxwell
background. It is easy to see that the modified Loretz force, which allows the symmetry of
(1) can be entered using four-dimensional notation as
dpµ
ds
= qe−αφF µνuν , (3)
where pµ = muµ is the 4-momentum of a particle, q, m = const are the charge and mass, uµ =
dxµ/ds is a 4-velocity calculated at the 4-trajectory xµ = xµ (s). Then, four-dimensional line
element is calculated as ds2 = ηµνdx
µdxν . In [7], the dynamics was studied with standard
Loretz force (right-hand side of Eq. (3) does not contain the dilaton term e−αφ in this
case). In the present work, the dynamics (3) in the background (1) is defined by effective
electromagnetic tensor F˜ µν = e−αφF µν . It can be obtained from a standard dynamics by
substitution of the effective electric and magnetic fields ~Eeff = e
−αφ ~E and ~Heff = e
−αφ ~H
2
instead of the original quantities ~E and ~H in the corresponding dynamic relations. This new
dynamics is the most symmetric: it is invariant under the transformation (2) provided that
the trajectory xµ = xµ (s) is understood as an invariant of the dilatation symmetry.
2 Effective potential for static DME
Let us consider the dynamics of test particles (3) on a stationary background (1), where the
fields Aµ, φ do not depend on the time variable x
0 = t (these fields are functions of spatial
variables xk (k = 1, 2, 3)). In this case, one can use the magnetic pseudoscalar potential A˜0
instead of the vector potential ~A =
{
Ak
}
; it is defined by the relation ∇A˜0 = −e−2αφ∇× ~A
(where ∇ = {∂k}). Electrostatic (e) / magnetostatic (m) sectors of DME are defined as
 em

 : A0 =

 A0

 , A˜0 =

 0A

 ; (4)
dynamics (1) for background fields corresponds to the following effective three-dimensional
Lagrangian:
L3 =
2
α2
f−2
[
(∇f)2 + (∇χ)2
]
, (5)
where
f = e±αφ, χ =
α
2
A (6)
in the theory with α 6= 0 [7]. One can prove that Eq. (3) in the static DME takes the form
dP 0
dt
= q

 ~v
~G
0

 , d
~P
dt
= q


~G
~v × ~G

 , (7)
where P 0 = m/
√
1− v2 is the total (rest plus kinetik) relativistic energy, ~p = m~v/√1− v2
is the 3-momentum of the relativistic particle, and ~v =
{
vk
}
(where vk = dxk/dt) is the
standard 3-velocity. Then,
~G = − 2
α
f−1∇χ =


~Eeff
~Heff

 , (8)
i.e., the vector field ~G means effective electric /magnetic field of a static sector of DME
under consideration.
From the Lagrangian (5) it follows that the special ansatz χ0 = 0 f0 = e
αΥ satisfies the
corrersponding Euler-Lagrange system if ∆Υ = 0, i.e. if ‘starting’ dilaton field φ0 = ±Υ
is harmonic. In [7] was presented a normalized Ehlers transformation in this theory, its
application to this ansatz generates a background f, χ with
f =
f0
cos2 λ
2
+ f 20 sin
2 λ
2
, χ = −sin λ
2
· 1− f
2
0
cos2 λ
2
+ f 20 sin
2 λ
2
, (9)
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where λ is an arbitrary real parameter. Substitution of Eq. (9) to Eq. (8) leads to the
following result for the electric/magnetic field ~G:
~G = −2 sinλ
α
· ∇f0
cos2 λ
2
+ f 20 sin
2 λ
2
. (10)
The statement is that ~G is a potential field, ~G = −∇V , where V is the corresponding
potential:
V =
4
α
arctan

 tanh
(
αΥ
2
)
sin λ
1− tanh
(
αΥ
2
)
cosλ

 (11)
(here the integration constant is taken to have V = 0 for Υ = 0). Note that the potential
(11) is finite. Thus, the dilaton field provides the regularization of the singularities at least
for electro/magneto static backgrounds. Then, the generated dilaton field is given by the
relation:
φ = ∓ 1
α
log [cosh (αΥ)− sinh (αΥ) cosλ] . (12)
It is easy to see that
V → 2Υ sinλ+ o (Υ) , φ→ ±Υcosλ+ o (Υ) (13)
if Υ→ 0. For example, for multipole expansion
Υ =
Q0
r
+ . . . (14)
at r →∞ with nontrivial monopole charge Q0 = const one obtains from Eq. (13) that
V =
Qe/m
r
+ . . . , φ =
Qd
r
+ . . . , (15)
where electric/magnetic charges Qe/m and dilaton charge Qd are given by the relations
Qe/m = 2Q0 sinλ, Qd = ±Q0 cosλ. (16)
It is interesting to note that the charge combination
√
Q2e/m + 4Q
2
d is invariant under the
action of the charging symmetry transformation (9), see [7] for details. Then, in another
intersting limit related to Υ→ +∞ · σ, where σ = ±1; the result reads as follows:
V → 4σ
α
arctan
(
sinλ
1− σ cosλ
)
(17)
(and φ diverges in this case).
The total energy of test particle is defined as
E =

 P
0 + qV
P 0

 ; (18)
it is a motion integral for the dynamics under consideration, as follows from Eq. (7). Here
U = qV is the potential energy of a test particle in the background fields; of course, it exists
in electrosetatic sector only.
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3 Effective spherically symmetric sourse
Taking Υ = Q0/r, one obtains the most general dilaton-Maxwell background in spherically
symmetric case [7]. The explicit form of the corresponding effective potential reads:
V =
4
α
arctan


Qe/m tanh

α
√
Q2
e/m
+4Q2
d
4r


√
Q2e/m + 4Q
2
d ∓ 2Qd tanh

α
√
Q2
e/m
+4Q2
d
4r




, (19)
as it follows from Eq. (11). Note, that Eq. (19) gives a general modification of the Coulomb
potential at the accepted values of the dilaton and electric/magnetic charges. Then, using
Eq.(12), we get
φ = ∓ 1
α
log

cosh

α
√
Q2e/m + 4Q
2
d
2r

∓ 2Qd√
Q2e/m + 4Q
2
d
sinh

α
√
Q2e/m + 4Q
2
d
2r



 (20)
for the dilaton field. It is not difficult to prove that the asymptotics of Eqs. (19) and (20)
at r →∞ are given by Eq. (15), whereas
V → 4
α
arctan

 Qe/m√
Q2e/m + 4Q
2
d ∓ 2Qd

 ≡ V (0) (21)
in the limit r → 0, which completely agrees with the general result (17).
In the spherically symmetric case, the electric/magnetic field is radial, ~G = G~er, where
~er is the unit radial vector, and
G =
Qe/m
r2
f (22)
as follows from Eq. (9). Here G = −dV/dr, thus sign (dV/dr) = −sign
(
Qe/m
)
, therefore,
the function V = V (r) decreases (increases) monotonically for Qe/m > 0 (Qe/m < 0). From
this fact it follows that V (0) is the height of the potential barrier (depth of the potential
well) in this problem. Then, from the analysis of Eq. (22) it follows that G (0) = G (∞) = 0,
i.e. the interaction vanishes at long and short distances. It is also possible to show that the
function G (r) reaches its extremal value (max (min) for Qe/m > 0 (Qe/m < 0)) at a distance
r = r⋆ =
α
√
Q2e/m + 4Q
2
d
2ξ
, (23)
where ξ is the only root of the equation
e2ξ = η
ξ + 2
ξ − 2 (24)
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and
η =
√
Q2e/m + 4Q
2
d ± 2Qd√
Q2e/m + 4Q
2
d ∓ 2Qd
. (25)
Calculation of standard electric/magnetic energy in a spherically symmetric dilaton-
Maxwell background gives the following finite result:
Ee/m =
1
2
∫
d3x ~G2 =
4πQ2e/m
α
(√
Q2e/m + 4Q
2
d ∓ 2Qd
) . (26)
Note that Ee/m ∼ 1/α, i.e. the total energy is inversely proportional to the coupling constant,
which is a typical property of a soliton. Then, a special case with Qd = 0 is the closest to
the traditional dilaton-free background; for electric monopole one gets Ee = 4π |Qe| /α here.
From Eq. (21) we get Ve (0) = πsign (Qe) /α for the same system, and work A that one
needs to create the background, transferring the electric charge Q = Qe to the center of the
field distribution from infinity is A = π |Qe| /α. Thus, A = Ee/4, so ‘energy of creation’ is
only a quarter of the total energy of the object, which can be calculated by examining the
dynamics of test particles. This interesting fact corresponds precisely to the dark matter
phenomenology.
Conclusion
Thus, the dilatation symmetry can be used for constructing of nonlinear generalization
of the standard Maxwell electrodynamics. The resulting theory is characterized by the
finite and singularity-free interaction at all distances. In particular, a modified Coulomb’s
force vanishes at short distances; this means that dilaton field modifies the electromagnetic
interaction so that it obtains some effective non-Abelian properties. In addition, the sources
of the electromagnetic field in this theory demonstrate a number of properties that are
characteristic of solitons.
It is important to emphasize that all non-Abelian properties of the static dilaton-Maxwell
electrodynamics are related with the corresponding structures of stationary General Rela-
tivity due to the duality established between these systems in [7]. However, this duality does
not mean complete equivalence of these theories. For example, there is no physical analogy
for a Schwarzschild’s black hole in both versions of DME (developed in [7] and in this pa-
per), although these DMEs contain a solution that relates to the Schwarzschild solution in
General Relativity (see sec. 3 of the present work and the corresponding section in [7] for
DME backgrounds that are related to the Taub-NUT solution via DME/GR duality).
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